Groups having the property that all their complex irreducible characters are monomial are characterized in terms of the embedding of cyclic sections of the group.
If (77, M) and (K, L) are good pairs, we will say they are related in G if there is g g G such that Hg C\ L = K C\ Mg. Let Sc be the equivalence relation on good pairs in G generated by the relation of being related. Let mc be the number of distinct classes of SG.
We identify a relation on the elements of G. We say x -y for x, y g G provided the two cyclic groups (x) and (y) are conjugate in G. Clearly ~ is an equivalence relation. (The equivalence classes of ~ are sometimes called the rational conjugacy classes ofG.) Let nc be the number of ~ equivalence classes.
Theorem. We have mc < nc with equality if and only if G is an M-group.
The Theorem is the promised characterization. We would like to thank T. R. Berger for pointing out an error in an earlier version of this paper.
1. Proofs. Let J and L be subgroups of a group G. A set of representatives T for the double cosets of J and L in G will be called aJ,L transversal in G.
For a character OoîJ and x g G we define a character 0*ofJx by the formula 6*(g) = 6(xgxl) for g g V*.
The following appears as V.16.9 of [3] . We remark that Proposition 1.2 shows that being related is actually an equivalence relation on the set of good pairs, and so the equivalence classes of SG are precisely the classes of related good pairs. It might be interesting to find a purely group-theoretic proof that being related is an equivalence relation.
The proof of the Theorem is close at hand. We say x> ty e ^n(G) are Galois conjugate if there is a g Aut(C) such that x° = $■ If s(x) is tne Schur index of x over the rationals (see [4, Chapter 10]), then s(x) times the sum sp(x) of the distinct Galois conjugates of x in Irr(G) is the character afforded by an irreducible, rational representation of G. By [4, Theorem 9 .21], all irreducible, rationally-afforded characters of G arise as s(x)sp(x) lor X e Irr(G). By the Berman-Witt Theorem [2, 42.9], the number nc defined in the Introduction is the same as the number of distinct, irreducible, rationally-afforded characters of G, and thus nG is the number of Galois conjugacy classes of Irr(G).
Proof of Theorem. By the preceding discussion, it suffices to show that there is a one-to-one correspondence between the set of Galois conjugacy classes of monomial elements of Irr(G) and classes of related good pairs.
Let (77,, Af,), 1 < i < mc, be a set of representatives of the clases of related good pairs in G. For each i, let X, proceed from (77,, Af,); then Xe g Irr(G) by Proposition 1.1. To complete the proof, we will show that, given monomial x g Irr(G), there is a unique i for which x is Galois conjugate to Xe. Thus x is Galois conjugate to Xe
